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Abstract: Kinematic synthesis of planar mechanisms is studied. Path generation method is applied to
generate planar four-bar mechanism. The task of synthesis refers to a problem in which a
coupler point is desired to generate a given path. Nonlinear systems of equations with one
constraint equations for each independent loop are obtained. Generated square equations
with respect to the Lagrange coefficients are solved by using interpolation approximation
method and design parameters are obtained. Results are given in tables.
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1. INTRODUCTION

In the design process of planar and spatial mechanisms kinematic synthesis is the most
common method for defining the construction parameters of the mechanism. After choosing the
mechanism that will be used for a specific task, its construction parameters have to be designed with
respect to the constraint conditions.

There are three main tasks in kinematic synthesis; function generation, motion generation, and
path generation. Path generation is an example of constraint conditions which describes desired
position and orientation for a certain point on the mechanism with respect to the fixed coordinate
system. According to the given path of the point on the coupler, the construction parameters can be
obtained by writing objective functions of the mechanism. Path generation and kinematic synthesis of
mechanisms are a source of inspiration for many researchers. Input-output variables and design
parameters were introduced in a polynomial equation by Levitskii [1]. Interpolation, Chebyshev and
Least-Square approximations are used to calculate design parameters. Zimmerman [2] proposed a new
algorithm for four precision points in the function generation of spherical four-bar mechanism.
Polynomial approximation is used for three, four and five precision points in the study of Alizade [3],
Alizade and Kilit [4], Murray and McCarthy [5] for the spherical four-bar mechanism. Davitashvili {6]
presented synthesis and analysis of spherical mechanisms.

In this study, path generation kinematic synthesis is carried out for the planar four-bar
mechanism to obtain the construction parameters of mechanism. In order to define the position of the
four-bar mechanism with respect to the fixed frame, extra loop closure equations are formulated.
Nonlinear system of equations are written for each independent loop. Precision points are determined
by using Chebyshev spacing.

2. OBJECTIVE FUNCTION
Defining the objective function of the mechanism is the first task for kinematic synthesis of
mechanisms. Objective function of the mechanism must be found and simplified with a suitable
algebraic method. In this study, a planar four-bar mechanism that is shown in Figure 1 will be
synthesized. ‘
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Fig. 1. Four-Bar Mechanism
According to unknown parameters of the mechanism, it is needed to write four loop closure
equations to define all construction parameters:

—

d=r+75+d; (1.a)
b+7+7 =d; (1.b)
=T +T3— T (1.c)
d+7m=Dh, (1.4d)

where the unknown parameters of the mechanism are; a, b, 1, 1o, F3, 14, s and re.

Equations (1.a, b, ¢, d) can be written in open form to obtain objective functions of the entire
mechanism. Objective function which is obtained by using Equation (1.a) in the polynomial form is
given in Equation (2):

Pifii+ Pofoi + Py = di* + PiPofyi; =123 @

In Equation Q) P, =a, P,=m, Py=r?—d®—n? fu=dicos(6i—a), fu=
d; cos(8; — 64;), fai = 2cos(a — 64;) and 0, is the input angle of the four-bar mechanism.

Similarly, expanding and rearranging the loop closure equation of the mechanism given in

“Equation (1-b), second objective function is obtained as follows:
Pafar + Psfsi + Pe = di° + PaPsfer 5 1= 123, 3)
where
P,=b, Ps =73, P =16% + b2 +13%, fa = 2d; cos(6; — B), fsi = 2d; cos(§; — 0s1),
fei = 2sin(B — 03;) and 03, is the output angle of the four-bar mechanism.

Thus, eight unknown construction parameters which belong to the mechanism, should be

determined by solving the synthesis problem.

3. GIVEN PATH VARIABLES
The problem statement of the synthesis of four-bar mechanism is introduced by writing loop
closure equations and obtaining objective functions of the mechanism. In this section, variables of the
desired path, which is need to solve nonlinear equations that are given in the previous section, will be
examined. Desired path of the mechanism is given for point C as shown in Figure 2. The function of
the path is given as y=x* with respect to x;y; coordinate frame.
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Fig. 2. Given Path of Point C

The position of ﬁbint C with respect to fixed coordinate frame can be easily obtained by using
the given position of the point C with respect to moving frame. The vector d, and the angle §; which
are used in Equations (1), (2) and (3), define the position of Point C on the mechanism with respect to
the fixed coordinate frame.

The minimum and maximum values of the independent variable x which is defining the path
of Point C, is called as x, and x,, respectively. Precision points of the path are selected to be within x,
and x,, and are found by Chebyshev spacing for three precision points:

_ Xotxy | (xo—xpy) E i .
xy =5m y Bt og(B) ;=123 4)

where # is the total number of precision points.
In this step of calculation, it is needed to obtain the input and output angles of the mechanism
which correspond to three precision points. The minimum and maximum values of the input and

output angles are, respectively: 8, and 6,,,; 65, and 0s,,.

4. OBTAINING UNKNOWN PARAMETERS
Equations (2) and (3) are the objective functions of the mechanism with the unknown
coefficients P;, P, P;, Py, Ps, Ps and known functions f;, f2 f3 fa, f5s foi » Where i=1, 2 and 3.
Defining nonlinear parameters as /; and A,. and rearranging the coefficients, P;, in terms of linear and
nonlinear terms Equations (5) and (6) are formulated:
/11 :P]_Pz, Py =lk+1,1mk; k=1,23; (5)
Ay = PyPs, Py = l; + Aomy; k =4,5,6. (6)
Equation (2) is rewritten by separating linear and nonlinear terms and by using the relations
given by Equation (5) as follows:

Lfii + Lfa + 13 = di; (7
my fri + Mafoi + Mafai = far. (7.2)
Similarly, Equation (3) is rewritten by using the parameters given in Equation (6):
Lfai + lsfsi + lg = d;”; (8)
My fy; + Msfs; +me = fe;. (8.2)

The unknown coefficients /; and m; are solved from six equations that can be generated for
three precision points making using of Equations (7), (7.a), (8), (8.2) given above. Thus, the unknown
coefficients P, P,, P, Py, Ps, Ps, which are defined by Equations (2) and (3) can be found by using
the relations given by Equations (5) and (6). These six coefficients are then used to calculate the
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construction parameters which are desired to be obtained in kinematic synthesis problem of the
mechanism.

Using interpolation approximation method to define the design parameters, nonlinear system
equation with one constraint equation for each independent loop which gives square equations with
respect to the Lagrange coefficients is created. Design parameters a, b, ry, r3,rs and re are found from
two nonlinear loop equations. Finally, Equations (1.c) and (1.d) are used to for calculation of the
remaining design parameters, r; and 7.

5. NUMERICAL EXAMPLE

In the numerical example, the input angle interval is chosen as n/6 <6< n/2 and the output
angle interval is chosen as n/4 <6,< n/3. Desired path of point C is selected to be defined by the
equation, y = x%, within the interval 1 < x < 2 and Chebyshev spacing is used to determine three
precision points which are given in Table 1. Furthermore, the angles a and £ which are shown in Fig.1
are chosen as a=n/3 rad:and f=n/6 rad. The vector d; and the angle &;, which are used in Equations
(1), (2) and (3), are path variables of point C. The path variables of C are calculated with respect to the
selected parameters, =1, the coordinate of the xy; frame with respect to the fixed frame, p~(5, 10),
and the angle y which is chosen as 0 <y< /2.

Table 1. Precision points for numerical example

Precision
Points

0.959931

10,820305 | 0.894481

The interpolation approximation method is applied to find the unknown construction
parameters. The results for the calculated construction parameters are given in Table 2.

Table 2. Calculated construction parameters for numerical example
a ry rs b rs T's ry r,
31.963 | 0.141 | 28.2855 | 33.8107 | 2.4405 | 22.1312 | 17.1168 | 19.936

6. CONCLUSION
Design parameters of a four-bar mechanism are obtained by using the given path variables of
the coupler. Independent loop closure equations are written for each constraint of the mechanism to
obtain the objective functions. These nonlinear systems of equations are solved for finding the
construction parameters of the mechanism which satisfies the desired path.

REFERENCES
[1] Levitskii N.I. Synthesis of Mechanisms by Chebyshev. USSR Academy of Science, 1946.

pp-21-27.
[2] Zimmerman J.R. Four-precision synthesis of the spherical four-bar function generator 1

Mech. Mach. Theory 2. 1967, pp. 133-139.
[3] Alizade R.L., Synthesis of four-bar spherical mechanism on five parameters // J. Mech. Eng.,

Russian Academy of Science (ANR) 6 (in Russian). 1994, pp. 16-20.

41



SCIENTIFIC JOURNAL OF IFToMM “PROBLEMS OF MECHANICS” No 3(48), 2012

[4] Alizade R.L, Kilit O., Analytic synthesis of function generating spherical four-bar
mechanism for five precision points// Mech. Mach. Theory. 2005, Vol. 40, No 7, pp. 863-878.

[S] Murray A.P., McCarthy J.M., 1995, A linkage map for spherical four position synthesis //
ASME Tech. Conf.Boston. MA. 1995. pp. 833-844.

[6] Davitashvili N. Theoretical fundamentals of synthesis and analysis of spherical mechanisms
Thilisi: Technical University, 1998. -264 p. (In Russian).

KMHEMATHYECKHI CUHTE3 IUVIOCKAX HAIIPABJISTIOINX MEXAHU3MOB
Mexmer Uemer [ixan [Tene, dyiiry Yomen, Hakaii DpKeLisinuoribi, Impe Y3ynorin:

Pesiome: Paccmorpena npobieMa KHHEMAaTHYECKOrO CHHTE3a IUIOCKHMX MEXaHW3MOB. MeTos
NMPUMEHEH /IS I€HEPHPOBaHMs HAmNpPaBISIOUIMX YETBIPEX3BEHHBIX M LIECTH3BEHHBIX MEXAHH3MOB.
3ajaya CHHTE3a OTHOCHTCA K MpobriemMe reHepUpOBaHMs 3aaHHON KPHBOH MOCPEICTBOM LIATYHHOM
TouKH. IIpeacTaBnenbl HeNMMHEHHBIE CHCTEMbl YPABHEHHH C OJIHMM YPABHEHHEM CBSI3H JUIS KAXK/IOTO
HE3aBHCHMOTO KOHTypa. PelleHuwe 3amauv cBefleHa K PELIGHHIO KBAJPATHONO YpaBHEHMs
OTHOCHTENBHO K03(QuuuenTa Jlarpanka NpHM IOMOIM METOAA TPHUOJIKEHHS HHTEPTONALHE W
[OJIy4€Hbl CHHTE3HPYEMBIe NTapaMeTPhl MEXaHU3Ma, KOTOPBIE TIPHBEICHK] B TabIHIax.
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