SCIENTIFIC JOURNAL OF IFToMM “PROBLEMS OF MECHANICS” Ne3(48),2012

KINEMATIC SYNTHESIS OF THE MOTION GENERATION OF LINKAGES
Mehmet Ismet Can Dede*, Duygu Comen**, Gokhan Berker***, [lkay Erkilngoglu**+*

(* Assistant Professor, **Research Assistant, *** Ph.D Student, **** M.Sc. Student,
Izmir Institute of Technology, 35437, Izmir, Turkey)

Abstract: The kinematic synthesis of two degree-of-freedom (DoF) manipulators is studied. Firstly,
the motion generation requirements of manipulators are established according to the
problem statement. Mathematical models for three and four poses of the gripper are
determined. The motion generation synthesis of planar manipulators as a systematic
methodology is presented. Dimensions of two-DoF manipulator are determined by
interpolation approximation method. Finally combining the two real synthesis solutions of
two-DoF manipulator kinematic synthesis for motion generation of four-bar linkage is
accomplished:
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1. INTRODUCTION

Mechanism synthesis problem utilizes computational resources and tools by the definition of
link lengths of given design requirements. Kinematic synthesis considers motion of links without
taking into account the forces or moments. In general, mechanism synthesis problem can be divided
into three tasks; synthesis of function generation, path generation and motion generation. [1-4]. These
synthesis problems can be solved by graphical [5], analytical [6], or optimization [7] methods. The
methodologies that are used for synthesis tasks can be categorized into three subgroups as; precision
points, rigid body guidance, and approximate synthesis. If the number of synthesis parameters is equal
to the number of precision points or rigid body guidance, usually interpolation approximation [8, 9], or
best uniform approximation is used [10]. If the number of synthesis parameters is less than the number
of synthesis equations, quadratic approximation and optimization methods are usually used. Numerical
techniques are commonly combined with various optimization methods such as generic algorithms
[11], evolutionary techniques [12], interior-point method [13], Gauss-constrained method [14] and
Newton-Raphson method [15].

Most processes involve repetitive operation in which the same operation (position and
orientation) is repeated continuously. A single-DoF linkage is sufficient for these tasks.

In this paper, firstly, the synthesis of two-DoF manipulator for certain operations, generally
termed motion generation is studied. Moreover, kinematic synthesis presented is focused on the
guidance of the gripper through three and then four positions (points). Interpolation approximation
synthesis (exact synthesis) is used in solving motion generation problems. Secondly, combining two
real solutions of synthesis of the two-DoF manipulators, one-DoF planar four-bar linkage which
generates the motion of the coupler output link is obtained. This methodology is then examined
through numerical examples for three- and four-position cases.

2. THREE POSITION SYNTHESIS OF TWO-DOF PLANAR MANIPULATOR

Planar two-DoF manipulator in Fig. 1 constructed with two pivot joints located at the origin of
the coordinate systems Oyx;y; and Oaxoy; at points Op and O,. The Ogxgy, reference coordinate system
is located so that the xo-axis points to the right along the horizontal direction and its origin is located at
the initial position of the moving gripper coordinate system Osxsy;. Since the joint axes z; are parallel
to each other, all the twist angles @; and the offset joint distance d; are zero. The x; axes are
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perpendicular to the joint axes z; and the y; axes are determined according to the right hand rule. Thus,
there are four design parameters, ag, 0p, a1 and a,; and two joint variables, 0, and &,. The parameters
P Py and G (05 = 6>) are position and orientation parameters of moving coordinate system Osxsy; with
respect to the reference frame Opxgyo.

In the case of three positions, allowing the arbitrary assignment of parameters a,, a, and the
location of the pivot O, reduces the problem to a simple geometric solution of finding the intersection
of two segment medians. However, for the arbitrary assignment of parameter 0y, the synthesis problem
leads to a system of three nonlinear algebraic equations with ao, a) and @, as unknowns. Finite
solutions are available by using superposition method.

Vector equation of the system is written in Eq. (1) by replacing the links of the two-DoF
manipulator with the vectors presented in Fig. |

a, = p—a, —a,. (1)
In complex polar notation, Eq. (1) can be written as:
' a e’ =pe’—aje’®—a, e’ (2)

If Eq. (2) is transformed into complex rectangular form, two algebraic equations are obtained
by separating real and imaginary parts of the equation:

a,cosb, =p, —a,cost, —a, cosb,;
; ; . 3)
a,sinf, =p, —a,sinf, —a,sinb,.

Both sides of Eq. (3) are squared and added together to eliminate the angle 0,. Thus, the
general equation for synthesis problem is obtained as shown in Eq. (4)
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Fig. 1. Motion generation of planar manipulators with 3 positions

af’ — gty —ao2 +2a,(p, cosf, + p,sin6,) +2a, (p, cosb, + p,sinb,)
' 4)
- p*-2a,a,cos(6,-6,)=0.

Every term in Eq. (4) is divided by the factor aya, and rearranged for the synthesis of three
precision positions in Eq. (5)

14




SCIENTIFIC JOURNAL OF IFToMM “PROBLEMS OF MECHANICS” Ne 3(48),2012

2 2 2 7 = . e .

j (al _a2 MaO )(aO aQ) 1 +2a2 (pm COS@O‘FP)”- Sln90)+2a0 l(pxi COSQ2+pyl SanE) )
, 7 €
1 +(agay) " (=p,")—2c0s(6, ~6,) =0, ol 231

In this case, for three positions of gripper, three unknowns ao, ai, a» are to be solved. If
parameter @, is given, the synthesis problem can be formulated to the solution of these three unknowns
by using data set of position and orientation of moving coordinate system Osxsys, i=1, 2, 3, which is
attached to the gripper.

Synthesis Eq. (5) can be introduced in polynomial form as:

R+ B fo+ B+ B fo—F =0, =123, (6)

@ = - w

‘ where
) F{=(af—a§—a§)(a0az)_]; fu=l; P=a;; fz::2(pr00590+pﬂ5h‘100); P =a;';

I =2(px, cos 6, + p,, sin 6’2[.) : B =i a,) s fu=—pl= —(pf,. +0, ); F, =2cos(60,;=6,).

) Eq. (6) describes four unknowns however, there are only three linear equations. If the number

d of unknown is more than the number of linear equations, this will result in undetermined linear system
of equations. Thus, equation is nonlinear and one more equation is required. Additional equation can
be introduced between constant parameters as 4= P Ps.

3) If P,= is defined as non-linear parameters, there will be four equations and four unknowns as
follows:

i Pf+Pfy +Pfyu=F—=Afy, i=12,3;
PP —-A=0.

(7
(8)

Since the constant parameters P; on the left hand side of Eq. (7) are linear, it means that the
synthesis parameters are linearly proportional with non-linear parameters A as:

Po=1 +Am, k=123, .

where /; and m, are real and non-linear parts respectively.
Substituting Eq. (9) into Eq. (7) and equating the real and non-linear terms separately, two real
system equations with respect to the unknown parameters I, and my are obtained as:

]1f1f+12f2f+l3f3f:F;; (10)
mlﬁi+m2.ﬁi+m3.ﬁx':_ﬁfs i=1,2,3. 11)

Using interpolation approximation method, the parameters /; and . k=1, 2, 3 are computed
by Cramer’s rule from linear Equations (10) and (11). Matrix [fi;], k&, =1, 2, 3 must be non-singular to
find a solution. It is noted that, a square matrix is non-singular if and only if its determinant is non-
zero. Now substituting Eq. (9) for &=2, 3 into Eq. (8) a second order equation is derived as shown in
Eq.(12).

pAi+qi+r=0, (12)
‘ where
p=mymz; q=hLmytlymy; =101
The non-linear parameter A in Eq. (12) and parameters /; and n in Eq. (10) and (11) are used
“) to find Py, k=1, 2, 3 in Eq. (9). Finally, using these Py values, all synthesis parameters of the two-DoF
manipulator, ay, a1, @, can be found from Eq. (6) as:
ree : a =P, a= (P,P{'P;' +PE4 B g = P 5
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2.1. Numerical Example for Three Precision Positions Case
The three positions of moving coordinate system Osxsy5 as the three precision positions of the

gripper in Fig. 2 are given by p,= {0; 27.375; 32.5}, p,={0; 15.35; 0}, 0,={14°; 4°; -28°} and 6,=280°.
Using given data and Eq. (6), the elements of matrix [f;], k&, /=1, 2, 3 and column vectors [F] and [£3]
are calculated. The linear and non-linear components of constant parameters as; 1={-0.139513;
0.03158; 0.01767} and m={0; 1.86833; 18.0369} are computed to solve the linear Eq. (10) and (11).
Using the magnitudes of /; and my Eq. (12) is obtained as 33.6987 2>-0.39732 2+0.000558=0 and two
real solutions of this square equation are found as A= {0.00163032; 0,0101603}. Two solutions for
polynomial constant parameters of Eq. (9) are obtained as given below with respect to the two values
of non-linear parameters and the magnitudes of parameters /; and m;:

Solution 1: P1=-0.139513; P,=0.0346286; P:=0.04708.

Solution 2: P1=-0.139513; P,=0.0505654; P;=0.200934.

Fig. 2. Motion generation of four-bar linkage

Finally, design parameters of two manipulators with the same motion generation of the gripper
are calculated by using Eq. (13).

Manipulator 1: a;=21.2404; 6,=280°; a,=34.634; a,=28.8779.
Manipulator 2: ay=4.97676; 6,=280°; a,=20.0535; a,=19.7764.

In Fig. 2, the two real solutions for the design parameters of a two-DoF serial manipulator are
combined to form a single four-bar linkage. It can be concluded from this methodology that “In order
to design motion generation of four-bar linkage it is necessary and sufficient to combine the two real
solutions accomplished for motion generation of two-DoF manipulators™ As it is observed in Fig. 2,
the design parameters of new four-bar linkage for gripper guidance are determined as: fixed link
ao=(ao)i(a),=18.1618; orientation of fixed link 6,=280° coupler link a,'=(a,);-(a:),=10.1751;
follower links (a;),=34.634, (a,),=20.0535.
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3. FOUR POSISIONS SYNTHESIS OF TWO-DOF PLANAR MANIPULATOR

In this subsection, the main goal of motion generation synthesis is to design a two-DoF planar
manipulator to pass through four positions. Following set of equations can be formulated by using Eq.
(4) for four positions synthesis case.

6
DB fu=F izl (14)
k=1

where
Pi= ai*-ap’- av’; Py=ay cosby; Py= ag sinby; Py= ay; Ps= ay a cos Oy; Pg= ap a; sin Gy,
L=l fu=2p, , fu = 20y > Jai =2p,, €086, + 2pyi sindy, , f5, = ~2¢086,; , f5, = -2sin &y
F=(ps+p,).
In this problem, there are six unknowns and four linear equations. Thus, Eq. (14) presents an
undetermined linear system of equations. Two additional equations between constant parameters are

formulated to find an analytical solution of non-linear Eq. (14):

P,=PP, and P, = PP, (15)

If the non-linear parameters are designated by Ps=4, and Pe=1, respectively, Eq. (14) and (15)
will be modified as shown in Eq. (16)

4
2 Bfu=F~AfyAfy, BB=4 =0, Bh—1,=0, i=1,..4, (16)
k=1

Therefore, “six equations with six unknowns” requirement is achieved. The left hand side of
the first system of Eq. (16) is linear. The constant parameters are selected to be linearly proportional
with 4, and 4, as:

B=L+im+4n , k=1,..,4. a7

Substituting Eq. (17) into the first equation of Eq. (16) and equating the real and non-real
terms separately, three real system equations with respect to the unknown parameters /,, my, n, are
determined:

4 4 4
Dbt =F . Ymfu=—fu, Y fu=—f,, i=l..4. (18)
k=1 k=1 k=1

[/] matrix must be non-linear to find a solution. If determinant of the matrix is not equal to
zero (| fi | #0), the solution of system of equations in Eq. (18) gives /,, m, and #, k=1, ..4.
Substitution of Eq. (17) into second and third equations of Eq. (16) results:

(6 + Amy + ny )y + Am, + An,)— A, = 0; (19)
(l; + 4my + ,n )1 + Amy + n ) — 2, =0. (20)
The open form of Eq. (19) and (20) are presented in Eq. (21) and (22).
A’ +a, A7 + a2, +ad +ad, va, =0; 21)
b A7 +b,A; + b A, + b +b A, +b, =0, (22)
where
=MyMy; y=Nyhg; a3=MoNgtmany; a=hmgtlan,-1; as=hngt Iy ny; ag=hly;
by=msmy; by=nyny; by=mznstmyns; be=lymy+lyms-1; bs=lng+ Iy ny+1; be=hi,.
Multiplying Eq. (22) with —a;b,” and after summation with the Eq. (21):
A= (C'[/?qz +6,4, +¢;)(c, A4 +Cs)_l, (23)
where
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a, b,
a b

a, b,
g

s G =

a, b, a b " g, b7 o, b

Substituting 2, and A, in Eq. (23), a polynomial equation of fourth-order is obtained as shown
in Eq. (24)

4
D dA +dy=0, 24)
=1

2 2
where dj=a; ¢4 +a; c;+a; ¢ ¢.

It is important to see that the magnitude of d; is zero, if the values of a, ay, as, ¢; and ¢4 are
used from Eq. (23). Then, the polynomial in Eq. (24) is reduced to the third order:

3
i =
2.4 +dy =0, (25)
i=1
where _
PR 2
di=ayc3'tagestascscs; di=2 ay ey cstas ey estay os'+2 ageqestas ey estas e ey
— 2 2
dy = aCs +a,¢, +2a,0,0; +a,00C5 + ayeic, +2a,0,65 + agc + ae,cs + agc,c, |
b
— 2
d, =2aic,cs +2a,cc, + asc,c; + ;0,64 + a,6; +acic, _

Analytical solution of third order polynomial Eq. (25) can be calculated by using symbolic
mathematical calculation software. In this study the Mathematica software is utilized for this purpose.

3.1. Numerical Example 1

Given four positions of the gripper position and orientation in Fig. 3 are p,={0; 25; 18.75; 35},
p=10; 25; 18.75; 0}, 0:={14°; 10°; -4°; -28°}.
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Fig. 3. Motion generation of planar manipulators with 4 positions

By using given data and Eq. (14), the elements of matrix [f;;] and column vectors [F], [f;] and
[fs], (k & i =1, ..., 4) are computed. Using system of Eq. (14), the linear components of constant
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parameters are calculated as, /={0; -6.425; 0.0344; 27.0975}, m={1.94059; 0.00085; 0.00411; -
0.0037}, n={0.4838; -0.7350; 0.0010; 0.06022}. Using values of /;, my;, and m, the Eq. (25) will be
reduced to 2.93 10 A,°-2.42 10°° 2,7+0.049 2,+0.76065=0. Solution of the third order equation gives
two imaginary roots and one real root as 1,= -144.68. The value of the second non-linear parameter
can be computed from Eq. (23) as A= -15.4183. With respect to the Eq. (18), constant parameters are
obtained as P,= -288.225, P,= -5.41527, Py= -0.577096 and P,= 26.717. The errors in the precision
positions are calculated by using Eq. (14) as 4,= -1.20792.10™°, 4,= 0, 45= -1.13687.10™ and 4,= -
2.27374.10°". Finally, the design parameters of two-DoF manipulator with motion generation of
gripper are obtained as follows:

a,=P, =26.717, 6, = tan_l%=]86.03°, a, = L =5.4459, a, = /P, + a’ +a; =21.3362

y cosé,

3.2. Numerical Example 2

In the first solution just one real solution is obtained. To complete motion generation of four-
bar mechanism, the position and orientation of gripper are changed to the given workspace as p,={0,
9.897, 27.9903, 30}, p,={0, 16.3453, 9, 0} and 6,={15°, 5°,-5°-15°}. First, the elements of matrix
[ful, and the column vectors [F], [fs] and [fs] (K & i = 1, ..., 4) are computed. Following this
computation, from Eq. (18), constant parameters: /={0, 7.93454, 1.3234, 7.3147}, m={1.9318, 0.0148,
0.0034, -0.0153}, n={0.5176, 0.1329, 0.0163, -0.1554} are calculated. Numerical value of polynomial
equation in Eq. (25) is 1.67192.107 2, °+0.000035 A,°+0.023895 A;-1.31586=0. Third order equation
has three real roots. Then, the second non-linear parameter is calculated by using Eq. (23). Constant
parameters in Eq. (17) are computed for each numerical value of 4; and 4,. All numerical values are
listed in Table 1.

Table 1. Numerical values of parameters

el A Ay Py P, P Py ay & a a
Roots
1 -740.319 -123.914 -1494.33 -19.5116 -3.265 37.9425 19.783 9.4996° 18.3485  37.9425
2 51.1294 8.5356 103.193 9.8271 1.6405 5.2029 9.9631 9.4776° 15.1501 5.2029
3 207924 3186.69 -385183  123.129 -18.8709 -168.868 124.566  -8.71347° 742628 -168.868

It is clear that the third solution is not physically realizable due to minus sign of a, value.
Therefore, a four-bar mechanism generating precision positions can be constructed by using the first
and the second solutions.

_ 4. CONCLUSIONS
In this paper, the motion generation problem of two- DoF manipulator is solved for three and
four precision positions of grippers. Combining the two real solutions of synthesis motion generation
manipulator, four-bar mechanism that can generate the specified positions was able to be created. The
theory is complemented with numerical solutions for both three-positions and four-positions cases.
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KHHEMATHYECKH CHHTE3 MEXAHU3MOB I10 3A JAHHOMY JBUKEHHIO
TBEPJOI'O TEJIA

Mexmer nemer ixan Hene, lyiiry Yomen, I'oxan Bepkep, Hukaii I PKBUIBIHIOTTY

Pestome: Ilpexcrapnena 3ajaya KMHEMATHHECKOrO CHHTE3a ABYXCTENCHHOTO MAHMIIY/IATOPA.
Bhavane paccMaTpuBaeTcs 3aJaya IO BOCTIPOM3BEACHHIO JIBW)KCHMS COTNIACHO —IpoGJeMe.
OnpegensiOTcs MaTeMaTHYecKue MOJETH 1O BOCIPOM3BECHHIO JBHKEHHS TPeX M YeThIpex
ronoxeHui pabouero opraHa. KOHCTPYKTHBHBIE MapaMeTphbl ABYXCTENEHHOTO MAaHHITYJITOpa
ONpENE/IAIOTCA NPUMEHEHHEM TEOPHH NPUOKeHHs (yHKLHH, HHTepIIoNupoBanueM. B 3akmouenny,
00beAuHsAA /BA TONOKHTENLHBIX PEIIEHHs CHHTE3a ABYXCTETNEHHOTO MAHMITYNATOPA IOMydaeM
YETHIPEX3BEHHEIH MEXAHH3M I10 BOCTIPOH3BE/ICHHIO IOJIOXKEHHA H OPHEHTALIMH HIATYHA.
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